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Abstract
We present a nonlinear mathematical model for numerical analysis of the behavior of concrete subject to transient heating according
to the standard ISO ﬁre curve. The mathematical model consists of the balance equations (conservations laws) with boundary and
initial conditions, constitutive laws and material data for concrete at high temperatures. The numerical algorithm based on ﬁnite
element method for the numerical solution of the energy equation and ﬁnite difference method for the mass balance equations is
presented. Distributions of temperature, saturation of water and water vapor pressure are demonstrated.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
The hygro-thermal behavior of concrete is the critical criterion for building design and dependence of the reliability
and lifetime. The phenomena, linked with heat and mass transport in concrete structures, can lead to important service
failures.
The behavior of concrete at high temperature depends on its composite structure and on the physical and chemical
composition of the cement paste. Concrete is a highly porous and hygroscopic material. In the entire temperature range,
the gas phase is a mixture of dry air and water vapor. Therefore, the moist concrete is modelled as a multiphase material.
2. The model
2.1. Conservation laws
The mathematical model consists of the following balance equations:
liquid water conservation equation:
(ww)
t
+ div(Jw) = −m˙vap − m˙hydr; (1)
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water vapor conservation equation:
(ggw)
t
+ div(Jgw) = m˙vap; (2)
dry air conservation equation:
(gga)
t
+ div(Jga) = 0; (3)
energy conservation equation:
(C)
T
t
+ (Cv)∇T − ∇ · (∇T ) = −m˙vaphvap + m˙hydrhhydr. (4)
Here
w = Sw, g = Sg, Sw + Sg = 1.
Sw, Sg and  denote, respectively, the degree of water saturation, the degree of gas saturation and the porosity. The
primary unknowns in the balance equations are the temperature T (K), mass concentration of dry air ga (kg m−3)
and mass concentration of water vapor gw (kg m−3). The mass source terms m˙vap and m˙hydr on the right-hand
sides of (1) and (2) represent exchange of mass across interfaces separating individual phases (phase changes), m˙vap
denotes the mass source term related to vaporation process (kg m−3 s−1), m˙hydr denotes the mass source term related
to hydration–dehydration process (kg m−3 s−1). The terms on the right-hand side of (4) represent the energy required
for evaporation of liquid water and the energy required for release of bound water by dehydration, hvap denotes the
enthalpy of evaporation per unit mass (J kg−1), hhydr denotes the enthalpy of hydration per unit mass (J kg−1).
2.2. Boundary and initial conditions
The model studied in the time interval (0, tp) consists of a rectangular section of the concrete wall 0.1 m thick (see
Fig. 1). The concrete wall is exposed from one side to transient heating according to the standard ISO FIRE curve
T∞(t) = TISO-FIRE(t) = 345 log(8t + 1) + 293.15 [t] = minutes. (5)
In the case of heat transfer through the boundary at initial temperatures, the boundary conditions correspond to Newton’s
law (Neumann’s conditions) of the form
− (Swwvwhphase − ∇T ) · n = 0, (6)
− (Sggwvg + Swwvw + Sggvdgw) · n = 0. (7)
The boundary conditions of the form
(Swwvwhphase − ∇T ) · n = c(T − T∞) + e(T 4 − T 4∞), (8)
(Sggwvg + Swwvw + Sggvdgw) · n = c(gw − gw∞) (9)
are of importance on the exposed side of the wall, where the two terms on the right-hand side of (8) represent the heat
energy dissipated by convection and radiation to the surrounding medium. The right-hand side of (9) represents a water
vapor dissipated into the surrounding medium.
L = 100mm
Boundary conditions
(6) and (7)
Boundary conditions
(8) and (9)
Concrete
element
Fig. 1. The segment of concrete.
14 M. Beneš, P. Mayer / Journal of Computational and Applied Mathematics 218 (2008) 12–20
The initial conditions for concrete were set as follows: the constant temperature T0 = 293.15 K, the constant gas
pressure Pg0 = 101 325 Pa, and the constant capillary pressure Pc0 = 97.3 MPa.
2.3. Constitutive relationships
Dry air, water vapor and their mixture are considered to behave as perfect gases. Therefore, Dalton’s law
Pg =Pga +Pgw or g = ga + gw (10)
and the Clapeyron equation
Pga = ga
T R
Ma
, Pgw = gw
T R
Mw
, Pg = g
T R
Mg
(11)
are assumed as the state equations, where Pg denotes the gas pressure (Pa), Pga the dry air pressure (Pa), Pgw the
water vapor pressure [Pa], R gas constant (8314.41 J kmol−1 K−1), Ma molar mass of dry air (kg kmol−1), Mg molar
mass of gas moisture (kg kmol−1), Mw molar mass of water vapor (kg kmol−1). As the constitutive equations for ﬂuid
phases (capillary water, gas phase) the multiphase Darcy’s law is applied:
for liquid water:
Jw = Swwvw = −w
KK rw
	w
∇Pw, (12)
for gas phase (water vapor, dry air):
Jg = Sggvg + Sggvdg = −g
KKrg
	g
∇Pg + Sggvdg, = w, a, (13)
where vg represents the velocity of gaseous phase (m s−1), vw the velocity of liquid phase (m s−1), vdg the relative
average diffusion velocity of dry air species (water vapor, dry air) (m s−1), Pw the water pressure (Pa). The diffusion
process of the binary gas species mixture can be characterized by Fick’s law
Sgv
d
ga = −
MaMw
M2g
Deff∇
(
Pga
Pg
)
= MaMw
M2g
Deff∇
(
Pgw
Pg
)
= −Sgvdgw. (14)
The equilibrium state of the capillary water with the water vapor is expressed in the form corresponding to the Kelvin
equation
Pc = −w
RT
Mw
ln
(
Pgw
Pgws
)
, (15)
wherePc denotes the capillary pressure. The water vapor saturation pressurePgws can be calculated from the following
formula as a function of temperature T (K):
Pgws(T ) = exp
(
23.5771 − 4042.9
T − 37.58
)
. (16)
There is no capillary water in the pores above the critical point of water Tcr = 647.3 K, consequently the capillary
pressure substitutes the capillary potential 
c in the form
Pc = −
cw(Tcr). (17)
For more details see [1]. Notice that the equation
Pc =Pg −Pw (18)
is a constitutive relationship at thermodynamic equilibrium.
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2.4. Material data
The governing conservation equations and constitutive relationships contain several coefﬁcients deﬁning properties
of concrete and ﬂuids. The following relationships and material data are taken into account (see [2] and [4]):
the degree of saturation with liquid water:
Sw = Sw(Pc) =
[
1 +
(
Pc
Pcb
)10]−0.26
, (19)
where Pcb denotes the air entry value;
water density
w = w(T ) = 999.84[1 − 6.8 · 10−5(T − 293.15)]; (20)
porosity
= (T ) = 0.1 + 1.5 · 10−5(T − 273.15); (21)
thermal conductivity of concrete
= (T ) = 1.67 − 5 · 10−4(T − 293.15); (22)
thermal capacity of concrete
(C) = (C)(T ) = 2434600 − 3.4 · 10−4(T − 293.15); (23)
intrinsic permeability
K = K(T ,Pg) = 10−20 × 100.005(T−273.15)
(
Pg
101 325
)0.368
; (24)
gas relative permeability
Krg = Krg(Sw) = 1 − Sw; (25)
water relative permeability
Krw = Krw(Sw) = S2w; (26)
the dynamic viscosity of moist air
	g = 	gv + (	ga − 	gv)
(
Pga
Pg
)0.608
; (27)
water vapor dynamic viscosity
	gv = 	gv(T ) = 8.85 · 10−6 + 3.53 · (T − 273.15); (28)
dry air dynamic viscosity
	ga = 	ga(T ) = 17.17 · 10−6 + 4.73 · 10−8(T − 273.15) + 2.22 · 10−11(T − 273.15)2; (29)
the effective diffusion coefﬁcient of vapor species in the porous medium
Deff = Deff(T ,Pg,Pc) = (1 − Sw) · 2.58 · 10−8
(
T
273.15
)1.667 101 325
Pg
. (30)
The enthalpy of evaporation depends upon the temperature and may be approximated by the Watson formula
hvap = hvap(T ) = 2.672 × 105(Tcr − T )0.38. (31)
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3. Numerical solution
3.1. The modiﬁed system of differential equations
The convection term (Cv)∇T in Eq. (4) is ignored provided that the transfer of energy by convection is included
in the empirical relationship for the thermal conductivity = (T ).
The space discretization of the energy conservation equation (4) is carried out by means of the one-dimensional ﬁnite
element method with linear elements and with h=0.001 m. Denote the ﬁnite element approximation of the temperature
Th(x, t) =
N∑
i=1
Ti(t)i (x). (32)
N = L/h is an integer. Apply the Galerkin procedure to obtain the ﬁnite element model of the energy conservation
equation in the form
C(T)T˙ − K(T)T = f(T, gw, ga) (33)
with given initial conditions, where C(T) is the three diagonal capacity matrix and K(T) is the three diagonal conduc-
tivity matrix. f(T, gw, ga) represents the right-hand side in (4) and boundary conditions after discretization by means
of the ﬁnite element method.
Now we modify the conservation equations. After substituting (12)–(13) into (1)–(3) and combining (1) and (2) (in
order to eliminate the term “m˙vap” on the right-hand side of both equations) yields


t
[(1 − Sw)ga] + (1 − Sw)ga

t
+ ∇ · (Sggavg) + ∇ · (Sggvdga) = 0,


t
[(1 − Sw)gw] + (1 − Sw)gw

t
+ ∇ · (Sggwvg) + ∇ · (Sggvdga)
= − 
t
(Sww) − Sww

t
− ∇ · (Swwvw) −

t
(mhydr).
Apply Dalton’s law and Clapeyron equation g = gw + ga to get


t
[(1 − Sw)ga] + (1 − Sw)ga

t
+ ∇ · ((1 − Sw)gavg) + ∇ · ((1 − Sw)gvdga) = 0, (34)


t
[(1 − Sw)g + Sww] + [(1 − Sw)g + Sww]

t
+ ∇.([(1 − Sw)g + Sww]vg)
+ ∇ · (Sww(vw − vg)) = −

t
(mhydr). (35)
Substituting
X = (1 − Sw)g + Sww, (36)
Y = (1 − Sw)ga, (37)
the system of differential equations (34) and (35) reads

Y
t
+ Y
t
+ ∇ · (Yvg) + ∇ · ((1 − Sw)gvdga) = 0, (38)

X
t
+ X
t
+ ∇ · (Xvg) + ∇ · (Sww(vw − vg)) = −

t
(mhydr), (39)
C(T)T˙ − K(T)T = f(T, gw, ga) (40)
with corresponding initial conditions.
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3.2. Numerical algorithm
Let t be the time discretization parameter. The time discretization of (40) is accomplished through an implicit
difference scheme compared with T
[C(Tn+1) + tK(Tn+1)]Tn+1 = C(Tn+1)Tn + f(Tn+1, gw(n), ga(n)). (41)
Eq. (41) is solved using the Newton–Raphson method in the following iteration procedure: denote
(T(l)n+1) = [C(T(l)n+1) + tK(T(l)n+1)]Tn+1 − C(T(l)n+1)Tn + f(T(l)n+1, gw(n), ga(n)). (42)
Then the solution at the end of the (l + 1)th iteration is given by
T(l+1)n+1 = T(l)n+1 − J−1 (T(l)n+1)(T(l)n+1), (43)
where J denotes the Jacobi matrix of .
Since the values of Tn+1 are known, the coefﬁcients Pgws(Tn+1), w(Tn+1) and (Tn+1) which depend only on
temperature are computed from the relationships (16), (20) and (21).
Writing ji for (tj , xi) we introduce the following ﬁnite difference schemes(
i
t
)j
= 1
2
(j−2i − 4j−1i + 3ji ) + O(h2) =
←−
t 
j
i + O(h2),(
j
x
)
i
= 1
2h
(ji − ji−1) −

2h2
(ji+1 − 2ji + ji−1) + O(h2) =
←−
x
j
i + O(h2).
System (38) and (39) can be written as
ji
←−
t Y
j
i + Y ji
ji − j−1i

+ ←−x [ji Y ji (vg)j−1i ]
+ ←−x [ji (1 − (Sw)j−1i )(g)j−1i (vdga)j−1i ] = 0, (44)
ji
←−
t X
j
i + Xji
ji − j−1i

+ ←−x [ji Xji (vw)j−1i ]
+ ←−x [ji (Sw)j−1i (w)ji [(vg)j−1i − (vw)j−1i ]] +
←−
t (mhydr)
j
i = 0. (45)
Hence we can ﬁnd the unknowns Xji and Y
j
i at the time j = 1, . . . , m, where m=t/,  is the time discretization
parameter relative to system (38) and (39). On the other hand, the substitutions give
X
j
i = (1 − (Sw)ji )(g)ji + (Sw)ji (w)ji , (46)
Y
j
i = (1 − (Sw)ji )(ga)ji . (47)
DenotingF((gw)
j
i ) = (1 − (Sw)ji )(gw)ji + (Sw)ji (w)ji − Xji + Y ji , where we put
(Sw)
j
i = [(Sw)((Pc)ji )]ji =
⎡
⎣1 +
(
(Pc)
j
i
Pcb
)10⎤⎦
−0.26
,
(Pc)
j
i = [Pc((gw)ji )]ji = −(w)ji
RT
j
i
Mw
ln
[
T
j
i R
(Pgws)
j
i
(gw)
j
i
]
,
Eqs. (46) and (47) yield
F((gw)
j
i ) = 0, (48)
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that is solved by Newton’s iteration procedure, where the rth iteration is given by
{(gw)ji }r = {(gw)ji }r−1 −
F′({(gw)ji }r−1)
F({(gw)ji }r−1)
, (49)
where
F′({(gw)ji }r−1) = 1 − S(Pc((gw)ji )) +
S
Pc
P′c((gw)
j
i )((w)
j
i − (gw)ji ),
S
Pc
(Pc) = −2.6
Pcb
(
Pc
Pcb
)9[
1 +
(
Pc
Pcb
)10]−1.26
,
P′c(gw) = −
T Rw
Mwgw
.
The described numerical algorithm becomes:
Algorithm 1.
init.: set t , set m, s = tpt ,
set initial values (19)–(31): Sw, w, , , (C), K , Krg, Krw, 	g, 	w, Deff , hvap
For n = 1, . . . , s
tn = nt
update T∞(tn) using (5)
solve Eq. (41) by iterative process (43)
update coefﬁcients Pgws(Tn), w(Tn) and (Tn) using (16), (20), (21)
set X0, Y0 by (46) and (47), 0 = tn, = tm
For j = 1, . . . , m
j = tn + j
compute Xj , Yj from (44) and (45)
solve (48) by Newton’s iteration procedure (49)
update coefﬁcients using (19)–(31)
end j
end n
Heat FluxHeat Flux
Sw
Pgw
T


T
Fig. 2. Thermal spalling hypothesis: (a) spalling due to vapor pressure; (b) spalling due to restrain thermal dilatation.
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4. Numerical results
The described algorithm was implemented in FORTRAN. At Figs. 3–5 the distributions of temperature, saturation
of water and water vapor pressure are presented. An increase of temperature and capillary pressure and corresponding
decrease of saturation of water are observed only in the conﬁned layer in the range of 50 mm from the heated surface.
The swift evaporation of water inside the wall implies the rapid desaturation in the zone of increased vapor pressure.
Analysis of these results allows for better understanding of hygro-thermal behavior of concrete elements near the heated
boundary.
An interesting phenomenon, the so-called thermal spalling, is very speciﬁc for heated concrete. Thermal spalling can
sometimes be dramatic. Its physical causes are not fully understood yet. The following main phenomena are generally
considered to explain this transient thermal behavior of concrete (see [3,5]), Fig. 2:
• generation of internal vapor pressures that exceed the local tensile strength of the material;
• thermo-mechanical stresses associated with thermal gradients increased by the local consumption of energy
associated with vaporization and dehydration.
Temperature [K]
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10min
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20min
Distance from heated surface [mm]
Fig. 3. Temperature distributions in concrete wall.
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Fig. 4. Vapor pressure distributions in concrete wall.
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Fig. 5. Saturation of water distributions in concrete wall.
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